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The object of this paper is to introduce a new technique for showing that the number of 
labelled spanning trees of the complete bipartite graph K,,,, is IT(m, n)l = m”-‘n”-‘. As an 
application, we use this technique to give a new proof of Cayley’s formula IT(n)1 = nnm2, for 
the number of labelled spanning trees of the complete graph K,. 
1. Introduction 
It is well known [2] that the number of labelled spanning trees of the complete 
bipartite graph on m and n vertices is equal to m”-‘rP_‘. In this paper we shall 
give a different proof of this fact, then we apply this technique to prove Cayley’s 
[l] formula for the number of labelled spanning trees of the complete graph on n 
vertices. 
Let G be a connected graph with at least one vertex TV and let the vertices of G 
be labelled. Let T(G) denote the set of all labelled spanning trees of G. Each 
tree T in T(G) gives rise to a labelled directed spanning tree T’ with v as a root, 
and all edges are directed towards V. Let D(G; V) denote the set of all such 
directed trees with v as a root. Clearly 
IT( = ID(G; u)l. 
In this note, the word tree will be used for any tree in T(G) or in D(G; v). The 
numbers P(m, n) and (7) will respectively denote the number of all n- 
permutations and n-combinations of m objects. We shall also write T(m, n) and 
T(m, n; v) for T(K,,,,) and D(K,,,; V) respectively. The out-degree of a vertex u 
will be denoted by d+(u), while the in-degree of u will be denoted by d-(u). 
2. Counting the number of trees of K,,,, 
Let A = {al, u2, . . . , a,,,} and B = {b,, b2, . . . , 6,) where m 32, n 32, and 
m 3 n. Let K,,,, denote the complete bipartite graph with (A, B) as a bipartition 
of its vertex set. To count the number of trees of K,,,, we instead count the 
number of trees in o(m, n; 6). Let B’ = B - (6,). 
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Theorem 1. The number of labelled spanning trees of K,,,, is equal to 
IT(m, n)l = -lD(m, n; b,)l = m”-lnm-‘. 
Proof. We observe first that a directed bipartite graph T with vertex sets A and B 
belongs to D(m, n; b,) if and only if d+(b,) = 0 and d+(v) = 1 for all other 
vertices V, and T is (weakly) connected. We shall construct all such trees T by 
first selecting the edges that lead away from the vertices in B’ and then selecting 
the edges that lead away from the vertices of A. 
Let G denote any directed bipartite graph with vertex sets A and B’ such that 
d+(b) = 1 for all b E B’ and d+(a) = 0 for all a E A. Clearly there are m”-’ such 
graphs G. Notice that G has m (weakly) connected components. We now show 
that if t denotes any fixed integer such that 0 d t s m - 1, then there are 
(“; ‘)(n - 1)’ trees Tin D(m, n; b,) such that T contains G and d-(b,) = m - t in 
T. 
Let H denote a graph obtained by addis t edges consecutively to G as follows: 
at each step we add an edge of the form ab where b is any vertex of B’ and a is a 
unique vertex with out-degree zero in any component not containing b in the 
graph already constructed. The number of components decreases by one each 
time such an edge is added, hence there are (n - l)(m - 1) choices for the first 
such edge, (n - l)(m - 2) choices for the second edge, . . . , and (n - l)(m - t) 
choices for the tth edge (assuming t 2 1). The graph H thus constructed has m - t 
components each of which has a unique vertex in A of out-degree zero and the 
remaining vertices all have out-degree one; if we add edges from these vertices of 
out-degree zero to bI, we obtain a tree T in D(n, m; 6,) that contains G and in 
which d-(b,) = m - t. The order in which the t edges are added to G to form H is 
immaterial, so it follows that there are 
(n - l)(m - l)(n - l)(m - 2) . m-f * (n - l)(m - t)/t! = P(m - 1, t)(n - l)‘/t! 
= ( > my1 (n - 1)’ 
such trees, as required. This implies that there are 
s: ( Ilt t ‘)(n - t)’ = nmel 
trees T in D(n, m; b,) that contain G and, hence, m”-‘n”-’ trees T in 
D(m, n; b,) altogether. Cl 
3. Counting the trees of K,, 
The number of labelled spanning trees of the complete graph K, was given by 
Cayley [2] in 1889 by the formula IT(n)1 = rPm2. Several proofs of this formula 
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can be found in [3]. Now we want to give a different proof of this formula based 
on the proof of Theorem 1. 
Theorem 2. The number of labelled spanning trees of the complete graph K,, is 
n-2 n .cl 
Proof. Consider the set B = {x1, x2, . . . , x,} of it (n 3 2) elements, and let 
B’ = {x2, x3, . . . , x,} be a subset of B. Also let A = {xl, xi, . . . , XL} be another 
copy of B’. Take the complete bipartite graph K,_l,, with the partition (A, B) of 
its vertex set. Consider the subgraph G of K,,- l,n that contains only the directed 
edges of the form (xi, x[) for i = 2, 3, . . . , n. Now any spanning tree in 
D(n - 1, n;xr) containing G gives rise to a spanning tree in D(K,,;xJ by 
contracting the edges (xi, xi) for each i, i = 2, 3, . . . , n. Conversely, any tree Tin 
D(K,;x,) can be extended to a tree in D(n - 1, n;x,) containing G by inserting 
vertex xf after xi following the unique directed path from Xi to x1 for each 
i, i = 2, 3, . . . , n. But from Theorem 1, we have 
(D(n - 1, n; x,)1 = n(“-‘)-l= nn-2. 
Thus, IT( = lD(n - 1, n;x,)l = nne2. Cl 
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